Lower boundedness, global minimality, and uniqueness are established for the solutions of a physically-motivated class of inverse electromagnetic-radiation problems in (meta)material backgrounds. The radiating source is reconstructed by minimizing its L 2 -norm subject to a prescribed radiated field and a vanishing reactive power. The minimization of the L 2 -norm constitutes a useful criterion for the minimization of the physical resources of the source. The reactive power is the power cycling through the inductive and capacitive parts of the source and its vanishing corresponds to the maximization of the power transmitted in the far-field.
Introduction
We revisit the following problem [13] min J∈X (J, J) ,
where (J, J) ≡ J * (r) · J(r) dr ≡ E. This corresponds to the problem of reconstructing a radiating electromagnetic source by minimizing its L 2 -norm (so-called "source energy") subject to a prescribed radiated field (the prescription constraint being (B ℑ [P] = 0; ℑ stands for the imaginary part). The electromagnetic source to be reconstructed is assumed to be embedded in a lossless (meta)material substrate with volume V ≡ {r ∈ R 3 : r ≡ r ≤ a}. The electric permittivity and magnetic permeability distributions are of the form f (r) = f θ(a − r) + f 0 θ(r − a), wherein f = ǫ, µ, stands for the permittivity and the permeability, respectively; subscript 0 refers to the the vacuum; and θ denotes the Heaviside unit step. Since the source's substrate is lossless, its propagation constant k ≡ ω √ ǫ √ µ ∈ R. One identifies the following cases: (1) k > k 0 ≡ ω √ ǫ 0 µ 0 for ordinary materials (k 0 is the propagation constant in vacuum), (2) 0 < k < k 0 for double-positive (DPS) metamaterials (i.e., media with ǫ > 0 ∧ µ > 0), (3) k < 0 for double-negative (DNG) metamaterials (i.e., media with ǫ < 0 ∧ µ < 0), and (4) k = 0 for nihility metamaterials. The source radiates a prescribed field outside V . The field is considered to be time-harmonic and the generally frequency-dependent constitutive parameters are taken at a given central frequency.
Propagation is goverened by the propagator equation
wherein G(r, r ′ ) is the dyadic propagator, I is the identity dyadic, and δ is the Dirac delta. The minimization of the "source energy" constitutes a useful criterion for the minimization of the actual physical resources of the radiating source and the vanishing of the reactive power
] is typically desirable in radiating systems as it corresponds to the vanishing of the "useless" power. The source is assumed to be a finite spherical system with generalized (i.e., possibly metamaterial) constitutive parameters.
Here, we establish the lower boundedness, global minimality, and uniqueness of the tuned minimal sources. Their existence and explicit forms have been presented in [13] .
Electromagnetic and elastic inverse problems in complex media continue to arouse a great deal of interest in the mathematics [10, 21, 11, 3, 8, 1, 15, 9, 20] , physics [19, 16, 12, 2, 18] , and engineering [4, 17, 5] communities. The continued interest is due in part to the extraordinary propagation properties made possible by the advent of metamaterials and previously unknown to be possible. This has provided researchers with a much appreciated flexibility in the design of propagation systems with desired properties and fascinating potential applications in fields as diverse as medicine, nanotechnology, photovoltaics, seismic protection, and exploration geophysics. From a mathematical point of view, metamaterials have also introduced a richness to the old problems due to their generalized nature.
Theorem 2.1. The untuned minimum source energy E E is a lower bound on the tuned minimum source energy E E,P for source substrates with a propagation constant k ∈ R * , i.e., with generalized constitutive parameters ǫ r and µ r that satisfy: ǫ r µ r > 0.
Proof. The necessary and sufficient condition for E E to be a unique lower bound on E E,P may be expressed as
Substituting the explicit expressions of E E and E E,P yields
Our best hope is to have the sufficient (but not necessary) condition satisfied
Substituting the explicit expression for R (j) l,m yields the following conditions
The parameter K ≡ k 2 − χµω is the propagation constant that appears in the wave equation governing the spatiotempral variation of the source's optimized current dis-
To have a time-harmonic current distribution transmitting a time-harmonic electromagnetic field through the source's substrate, we need to have K 2 > 0. Consequently, we shall focus on double-positive (DPS) and double-negative (DNG) substrates.
Inequality (7) is satisfied by virtue of the Cauchy-Schwarz-Bunyakovsky theorem since for a < ∞,
The integral is Lommel's first integral (see, for instance, [6] ).
For j = 1, standard relations involving spherical harmonics Y l,m and vector spher-
and [14] 
where f l is a radial function, allow us to recast inequality (7) as
This clearly shows that we have another inequality of the Cauchy-Schwarz-Bunyakovsky type provided that
For this (square-integrability criterion) to be satisfied, it is sufficient to show that the spherical Bessel functions j l : r → j l (αr) and their combinations r u l : r → r u l (αr) are square-integrable. In this case, it is easier to forgo the analytical expressions of the finite-domain integrals and use the (sufficient) extended square-integrability conditions
and
(The integrals were computed with Mathematica.)
Note that the finite size of the source allows one to write the following extended versions of the integrals (e.g., those which appear in inequalities (7) and (7))
where θ is the Heaviside unit step.
The values of the substrate's propagation constant that would satisfy the squareintegrability conditions and be consistent with the physical assumptions of the problem are k ∈ R * (or, ǫ r µ r > 0) which corresponds to DPS (meta)materials and DNG metamaterials.
The equality in (7), (7), and (10) holds if and only if j l (kr) = j l (Kr), i.e., when 0 ∈ Ξ. In that case E E would be the greatest lower bound and the unique global minimum (see theorem (3)). This completes the proof of the lower-boundedness theorem.
Let Ξ be the set of all the Lagrange multipliers that satisfy the tuning constraint, that is Ξ ≡ {χ ∈ R :
and let χ 0 ∈ Ξ be the element that satisfies
Corollary. When the unique lower bound E E belongs to the set of tuned minimum source energies E E,P | χ , it is also the unique global minimum.
Proof. This corollary follows directly from the lower-boundedness of E E (theorem 2.1).
Theorem 3.1. The tuned minimum source energy E E,P | χ 0 where |χ 0 | = inf χ∈Ξ {|χ|} and
is the unique global minimum on the tuned minimum energy E E,P for source substrates with a propagation constant k ∈ R * , i.e., with generalized constitutive parameters ǫ r and µ r that satisfy: ǫ r µ r > 0.
Proof. The necessary and sufficient condition for E E,P | χ 0 to be a unique global minimum on E E,P may be expressed as
Substituting the explicit expressions of E E,P | χ 0 and E E,P | χ yields
Again, our best hope is to have
When 0 / ∈ Ξ, condition (18) leads to the following conditions
Next, the idea is to expand the functions around χ = 0. Let us start with the case
where f
In other words, to lowest order in χ condition (19) is equivalent to
which is true by assumption.
For j = 1, the explicit expressions contain rather involved combinations of Bessel's functions and hypergeometric functions. To somewhat simplify the calculations, we adopt a slightly different approach. We write that 
1 , and f
2 are independent of r. f 
The idea here is to show that f
